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Abstract
Let G be a graph with a nonempty edge set, we denote the rank of the adjacency matrix of G and term rank of G, by rk(G) and
Rk(G), respectively. van Nuffelen conjectured that for any graph G, (G) rk(G). The ﬁrst counterexample to this conjecture was
obtained by Alon and Seymour. In 2002, Fishkind and Kotlov proved that for any graph G, (G)Rk(G). Here we improve this
upper bound and show that l (G)(rk(G) + Rk(G))/2, where l (G) is the list chromatic number of G.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The list chromatic number of a graph was introduced by Erdös et al. [2] and independently byVizing [9] as a natural
extension of the chromatic number. However, the behavior of the list chromatic number is much more subtle than that
of the chromatic number and it is more difﬁcult to compute than the chromatic number. The problem of bounding the
list chromatic number, using the structural properties of the graph, becomes an exciting research topic in the last ten
years, leading to many fascinating results and questions. A trivial upper bound for the list chromatic number of a graph
may be given as follows: for any graph G, if the lists associated with the vertices have size at least 1 + (G) ((G)
is the maximum degree of G), then coloring the vertices in succession leaves an available color at each vertex. This
argument is analogous to the greedy coloring algorithm and proves that the list chromatic number of a graph G does
not exceed 1 + (G).
In 1976 van Nuffelen conjectured [8] that the chromatic number of any graph with at least one edge does not exceed
the rank of its adjacency matrix. The ﬁrst counterexample to this conjecture was obtained by Alon and Seymour, [1].
They constructed a graph with chromatic number 32 and with an adjacency matrix of rank 29. It was proved by Kotlov
and Lovász, [6], that the number of vertices in a twin free graph (a graph with no two vertices with the same set of
neighbors) is O((√2)rk(G)), where rk(G) is the rank of adjacency matrix (see also [5]). In a recent paper by Fishkind
and Kotlov, [3], it is shown that for any graph G with a nonempty edge set, the chromatic number of G is at most the
term rank of G. They established that equality is attained if and only if (besides isolated vertices) G is the complete
graph Kn or the star K1,n−1. The main goal of this paper is to give an algebraic upper bound for the list chromatic
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number of a graph. We obtain the Fishkind–Kotlov result as a corollary. Here we improve this upper bound by showing
that the list chromatic number of a graph does not exceed the average of rank and term rank and when rk(G) = 2,
equality holds if and only if (besides isolated vertices) G is the complete graph Kn. Moreover, we show that if rk(G)=2
and equality holds, then G is a complete bipartite graph. As a corollary, we obtain that the list chromatic number of G
is at most the term rank of G and equality is attained if and only if (besides isolated vertices) G is the complete graph
Kn or the star K1,n−1.
Before proving our results let us introduce some necessary notation. We consider the graphs G which are nonempty,
ﬁnite, undirected, with no loops, parallel edges or isolated vertex. A subset X of the vertices of G is called a clique if
the induced subgraph on X is a complete graph. We denote the size of the maximum clique of G by (G).
A k-vertex coloring of a graph G is an assignment of k colors to the vertices of G such that no two adjacent vertices
have the same color. The vertex chromatic number (G) of a graph G, is the minimum k for which G has a k-vertex
coloring. Suppose that to each vertex v of G we assign a set L(v) of colors. An L-coloring of G is a vertex coloring
such that each vertex v is colored by a color from its list L(v) and no two adjacent vertices have the same color. If there
is an L-coloring of G, then G is said to be L-colorable. A graph G is said to be k-choosable if there is an L-coloring
for any list-assignment L satisfying |L(v)|k for any vertex v. The list chromatic number l (G) of a graph G, is the
smallest integer k such that G is k-choosable.
For any graph G of order n, the adjacency matrix of G is the n× n matrix A(G) whose (i, j)th entry is 1 if vi and vj
are adjacent and 0 otherwise. The rank of G, denoted rk(G), is the rank of A(G) over R. The term rank of G, denoted
Rk(G), is the maximum rank (over R) of n× n matrices having a zero in each entry that is zero in A(G). A two-factor
in G is a collection of vertex-disjoint cycles covering every vertex of G; here a single edge is considered a two-cycle.
For a proof of the following see, for example, [7].
Lemmma 1. For any graph G, Rk(G) is the maximum number of vertices in a subgraph H of G such that H has a
two-factor.
Note that for any such subgraph H of G, the vertices of G\H are independent. Since H is a maximal subgraph of G
which has a two-factor, it is easy to verify that for all x ∈ V (G\H), x cannot be adjacent to a vertex of an odd cycle
of any two-factor of H. On the other hand, every even cycle has a two-factor which is a matching, so x is adjacent to at
most half of the vertices of an even cycle of any two-factor of H. This implies that deg xRk(G)/2.
2. Results
The main result of the paper is the following.
Theorem 1. For any graph G with no isolated vertices, l (G)(Rk(G) + (G))/2. If (G) = 2, equality holds if
and only if G is the complete graph Kn. Moreover, if (G) = 2 and equality holds, then G is a bipartite graph.
Proof. Firstwe claim that if |V (G)|=n, thenl (G)(n+(G))/2.Toprove thiswe apply induction onn. Forn=2, 3, 4
obviously the assertion is true. We denote the list of vertex v by L(v), for all v ∈ V (G). We set t = [(n + (G))/2].
Clearly we have t(G). Assume that for all v ∈ V (G), |L(v)| t . Now suppose that there is a pair of nonadjacent
vertices, say, u and w such that L(u) ∩ L(w) = ∅, namely there is some element i, i ∈ L(u) ∩ L(w). We color the
vertices u and w by the color i and then delete the color i of the other lists. We consider the graph G\{u,w}. By the
induction hypothesis we can color all vertices of the graph G\{u,w} by the given lists of colors and the claim is proved.
Thus, assume that for any pair of nonadjacent vertices u and w, L(u)∩L(w) is empty. Now consider an arbitrary color
j. We know that if j is contained in the lists of two vertices, then these two vertices are adjacent. Therefore, there are
at most (G) vertices whose lists contain j. Since for all v ∈ V (G), |L(v)|(G), by Hall’s Theorem we can ﬁnd a
system of distinct representatives for the given lists and the claim is proved.
Now let H be a two-factorable induced subgraph with a maximum number of vertices. By applying the claim for H
we obtain that l (H)(Rk(G) + (G))/2. On the other hand we know that for all x ∈ V (G\H), deg xRk(G)/2,
and V (G\H) is an independent set of vertices in G, so we can color all vertices of G with the given lists of size
(Rk(G) + (G))/2 and the proof of the inequality is complete.
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Before considering the equality case, we show that if G is not a complete graph, then l (G)(n + (G) − 1)/2.
We prove this by induction on n. If n= 3, 4 then obviously the assertion is true. Assume that there are two nonadjacent
vertices u and v which have at least a common color i in their lists. If G\{u, v} is not a complete graph, then we
color u and v by i and by the induction hypothesis we can color all vertices of G\{u, v}. If G\{u, v} is a complete
graph, then (G)n − 2. On the other hand, (G)n − 1, hence (G) = n − 1 or n − 2. If (G) = n − 1,
then l (G) = n − 1 = (n + (G) − 1)/2. If (G) = n − 2, then neither u nor v can be adjacent to all vertices of
G\{u, v}, hence l (G) = n − 2(n + (G) − 1)/2. Thus, assume that for each pair of nonadjacent vertices, the
intersection of their lists is empty. Since G is not a complete graph, we have (n + (G) − 1)/2(G). Now, as we
saw before, by the Hall’s Theorem, G is L-colorable, for every list assignment L such that |L(v)|=(n+(G)−1)/2
for all v ∈ V (G).
Now consider the equality case in the theorem. Suppose that (G) = 2. Let H be a subgraph of maximum order of
G which has a two-factor. If H is not a complete graph, then l (H)(Rk(G) + (G) − 1)/2. Since (G) = 2, we
have
Rk(G) + (G) − 1
2
 Rk(G)
2
+ 1.
Thus, we can color all vertices of G\H using lists of cardinality (Rk(G)+(G)−1)/2, which is impossible because
then equality cannot hold. Hence H is a complete graph and it is not hard to see that in this case G is a complete graph
or a star. As (G) = 2, G cannot be a star, and the proof is complete in this case.
Now suppose that (G) = 2 and l (G) = Rk(G)/2 + 1. We show that G is a bipartite graph. First, we consider the
case n = |V (G)| = Rk(G). Since l (G)>m = n/2, there exist lists L(v) of size m, for all v ∈ V (G) such that G is
not L-colorable with these lists. Let K be an induced subgraph of maximum order of G which is L-colorable. Color the
vertices of K using these lists. We have G\K = ∅. Fix any v ∈ V (G\K); note that v is adjacent to at least m vertices of
K, and for each symbol in L(v), some vertex in K to which v is adjacent is colored with that symbol, in the L-coloring
of K. Fix some t ∈ L(v), and let v1, . . . , vr be the neighbors of v in K colored with t, in the L-coloring. Note that no
two vi are adjacent in K. If every vi is adjacent to fewer than m vertices of K then K can be re-L-colored so that no
neighbor of v is colored with t, an impossibility. Therefore, some vi , say v1, is adjacent to at least m = n/2 vertices
of K. If m> 1, then noting that v is adjacent to at least m − 1 vertices of K other than v1, and |V (K\{v1})|n − 2, it
must be that v and v1 have a common neighbor in K, contradicting (G) = 2. Thus, m = 1 and G is K1,1.
Now, we consider the general case: l (G)=Rk(G)/2+1 and(G)=2. Let H be a subgraph of G of maximum order
among those with a two-factor. If l (H)= l (G), since |V (H)|=Rk(G)=Rk(H), by the earlier case H must be K1,1.
Now Rk(G)=Rk(H) implies that Rk(G)=2 and so G is a star. Thus, assume that l (H)m=Rk(G)/2. This implies
that, there exist lists L(v) of size m such that G is not L-colorable with these lists but H has an L-coloring. It is easily
seen that there is a vertex v ∈ V (G\H) such that v is adjacent to at least m vertices of H. Now consider a two-factor
of H. Such a two-factor cannot contain an odd cycle because otherwise deg v <m. Hence H has a two-factor which is
a matching. Let u1, . . . , um be the vertices of H which are adjacent to v and suppose that (u1, u′1), . . . , (um, u′m) is a
matching of H. As(G)= 2, the set {u1, . . . , um} is an independent set. Also the set {v, u′1, . . . , u′m} is an independent
set. To see this, we note that no two of u′1, . . . , u′m are adjacent because of the maximality of H. If, say, u′1 and u′2
are adjacent, then v, u1, u′1, u′2, u2 is a 5-cycle which can be put together with u3, . . . , um, u′3, . . . , u′m to induce a
subgraph of G with a two-factor that includes H and contains one more vertex, v. This means that H ∪ {v} is a bipartite
graph. If there is another vertex w ∈ V (G\H), again by maximality of H, w must be independent of one of two sets
{u1, . . . , um}, {u′1, . . . , u′m}, because otherwise as (G) = 2, w must be adjacent to, say, u1 and u′2.Now the 5-cycle
(w, u′2, u2, v, u1) with the single edges (u3, u′3), . . . , (um, u′m) form a subgraph of G which has a two-factor and this
contradicts the maximality of H. Hence we have shown that G is a bipartite graph and the proof is complete. 
In fact, we can prove even more when equality holds and (G) = 2.
If (G) = 2 and l (G) = Rk(G)/2 + 1, and p = Rk(G)/2 and q = pp, then G has the following structure:
Consider the complete bipartite graph Kp,q , with parts (X, Y ), where |X|=p and |Y |=q.Add ﬁnitely many vertices
and for any such vertex join it to any arbitrary vertices in X.
To prove this we note that since G is a bipartite graph, H may be considered as a spanning subgraph of the complete
bipartite graph Kp,p. Assume that (X,X′) are the parts of Kp,p and (u1, w1), . . . , (up,wp) is a perfect matching of
H, where ui ∈ X and wi ∈ X′, for any i, 1 ip. Suppose that v1, . . . , vr are all the vertices in G\H which are
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adjacent to p vertices of H; since V (G\H) is an independent set of vertices, these vertices have degree p = Rk(G)/2.
Such vertices exist because l (G)>p. Assume that v1 is adjacent just to the vertices {u1, . . . , ut } of X. As (G) = 2,
v1 must be adjacent just to the vertices {wt+1, . . . , wp} of X′. Now if there exists a vertex vi, i2 which is adjacent to
a vertex in the set {ut+1, . . . , up,w1, . . . , wt }, then by maximality of H we get a contradiction. Indeed, if for example
vi is adjacent to w1, then the matching (u1, v1), (w1, vi), (u2, w2), . . . , (up,wp) would be a subgraph bigger than H
which has a two-factor as well. Thus all vi’s are adjacent just to the vertices of {u1, . . . , ut , wt+1, . . . , wp}. On the
other hand since (G)= 2, there are no edges between two sets {u1, . . . , ut } and {wt+1, . . . , wp}. Since G has no odd
cycle, there are no edges between two sets {ut+1, . . . , up} and {w1, . . . , wt }. Therefore, if we interchange ut+1, . . . , up
by wt+1, . . . , wp in H, the resultant graph is also a spanning subgraph of the complete bipartite graph Kp,p with this
property that v1, . . . , vr are just adjacent to all vertices in one of the parts. Also note that by maximality of H no vertex
in G\H is adjacent to X′ (new X′).
Now we know that there is a list L of G having its lists all of size p such that G is not L-colorable. If there are two
vertices in X (new X) whose lists have nonempty intersection, we can easily color all vertices of G using the given lists.
Thus, all lists of the vertices in X must be mutually disjoint. Call the colors of these lists by {1, . . . , p2}. Now let Y be
the set of all vertices of G such that they are adjacent to all the vertices of X. Choose one color from each list of the
vertices of X and thus form a set of size p, say, C. Suppose that none of the vertices of Y has C as a list. Now, we may
color the vertices of X using the colors appearing in C, then we can easily see that this coloring can be extended to an
L-coloring of G, a contradiction. Hence any such C must be a list of colors for some vertex of Y. This shows that Y
contains at least pp vertices. Thus, the claim is proved.
In [4] it has been proved that l (Km,n) = m + 1 if nmm and l (Km,n)m if n<mm. Now the converse of the
claim that l (G) = Rk(G)/2 + 1 holds for every graph with the structure described follows from the latter result.
We note that the following Fishkind–Kotlov result [3, Corollary 1] is an immediate consequence.
Corollary 1. For any graph G with no isolated vertices, (G)Rk(G). Moreover, equality holds if and only if G is
the complete graph Kn or the star K1,n−1.
Proof. Clearly for any graph G, (G)Rk(G), so (G)l (G)(Rk(G) + (G))/2Rk(G). On the other hand
if (G) = Rk(G), then we have Rk(G) = (G) and this means that G is a complete graph or a star. 
We have the following corollary.
Corollary 2. For any graph G with no isolated vertices, l (G)(rk(G) + Rk(G))/2. If rk(G) = 2, equality holds if
and only if G is the complete graph Kn. Moreover, if rk(G) = 2 then equality holds, if and only if G is the complete
bipartite graph Km,n in which nmm.
Proof. First note that the adjacency matrix of the complete graph Kr is full rank. We have A(Kr) = J − I , where J is
the r × r matrix with all entries 1. Thus, A(Kr) has r − 1 eigenvalues −1 and a simple eigenvalue r − 1, so if r > 1,
it is invertible. So (G)rk(G) and we have the inequality in the statement. The corollary follows if we note that
the rank of adjacency matrix of a bipartite graph is 2, exactly when the graph is a complete bipartite graph. Moreover,
using [4], if m and n with mn are the sizes of the two parts of G, we have nmm. 
The next corollary is also a generalization of the Fishkind–Kotlov result.
Corollary 3. For any graph G with no isolated vertices, l (G)Rk(G). Moreover, equality holds if and only if G is
the complete graph Kn or the star K1,n−1.
Proof. Clearly, l (G)(Rk(G)+(G))/2Rk(G). If l (G)=Rk(G), again we have Rk(G)=(G) which implies
the statement. 
Corollary 4. For any graph G with no isolated vertices, (G)(Rk(G) + (G))/2. Moreover, equality holds if and
only if G is the complete graph Kn or the star K1,n−1.
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Proof. Just note that in the equality case, we are in the equality case of Theorem 1 as well. Hence, either G is the
complete graph Kn or G is a bipartite graph. In the latter case, (G) = 2 and with (G) = 2, we have Rk(G) = 2. So
G must be the star K1,n−1. 
We have also the following.
Corollary 5. For any graph G with no isolated vertices, (G)(rk(G) + Rk(G))/2. Moreover, equality holds if and
only if G is the complete graph Kn or the star K1,n−1.
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